


WEEK 1: mixed char/QP-

Theorem /Schozel : If X is a perfectoid space thenXt
Usual examples : obtain

* Y quasi-proj/Qp([p) -> X perfectoid .

(*)

Goal 2 : How to apply the thm. as in (*)
Goal 2 : Understand the notions and possibly the proof of the thi.

Definition : X is a perfectoid space if it ison adic-space and
locally Spa(A ,At where (A ,At is a perfectoid Huber pair.

- variant of Spec for adic spaces
Definition : (A ,At) is a perfectoid Uber pair if it is

* A is a perfectoid Tate ring
* At a ring of integral elements in A

. (open normal subring [A%

Definition : Let B be a topological ring .

(a) B is non-archimedian if 7 a fundamental system of open neigh . [Bi7 of OEB
St Bi are additive subgroups .

(b) B is adic if Bi = Ii for some IB
.

Examples 1 : DVR pa parameter.
* k[X] I= (x) * kIXD I= (x) * Xb = (p)

= Em2/p+z + 10 , p , p,
-1 =

p
(C)B is f-adic if
(i) there exists BoE B open subring
(ii) IEBo finitely gen .

with which Bo is I-adic
.

Examples 2 :

* prev . examples wh Bo= B * B = Qp Bo = &p * B = k(XII Bo= kEXD
.

(d) B is a Tatering if Bis f-adic + there is a topologically nilpotent in B
.

beB is top , hilpotent if timb" -0
.

Examples :
n->N

* Examples 1 not Tate * Examples 2 Tate .

Valuations : bring wh multiplicative valution= normed ring) .

additive multiplicative
· v(a .b) = v(a) +v(b) I take 1 : 1 = e-v1% and 1p = p

- V(d

· v(a+b) > min(v(a) ,v(6)) · la .bl = 191 . 16
· v (1) = 0 9 · latb < maxial

,
1613

· v(d = a · 111 = 1· 10) = 0

Example : (k , 1 : 1) normed field,
~Tate algebra .

&<X2 ,
- , Xd) = [FreidarXVk[X1 , - /

XdD/ max(lar11v = degn) 03
.

e.g. [nephxne Qp(X) but Qp(x + EneiXn = 1/x-1
.

* Zai aith
,

I Frail
-
>max(lail li = +

,
- , 53 -Gai is Conv E lail- 0

.

IEIN iE N

=> f(x , - ,
Xd) = &Earxu I convergent on the closed unit disc7



norm on the Tate algebra : 1[arX"1 = maxlarl except for 101 = 0
.

Homework 1 : <X2
, - , Xn) is a nored ing wh this norm

.

Homework 2 : for fee (Xc ,
-

- Xn) is it true Ifl= max(If(all I CEIDY

maybe condition on h
.

What if sup instead of max.

Note : EX1.FXP[2/p] = Qp(x1 , - - Xn)
in AG :

↑k generic Fibery#P 2p
( ??? Qp(X1 , - , Xn) .

b -b
Speckp SpecEpcSpecOp

Boundedness in topological rings :

Definition : B topo. ring .

(a) SCB is bounded if FOEU open 50 EV open St S .VEU.

16) SC B is power bounded if Unyo St is bounded.

Example : B normed ring , Uc := [bEB/161 <C3 open by definition butalso ,

Dc= SbEB 11612C) is open. Both are bounded .

Take some open U as in def = EVdEU take V=Udi
.

E De contains only power bounded elements.

Take beBID1 = 11
, 6, 62 ,

-3 is it bonded ? Take U = We as in definition
assume JV as in the definition => no Uz is contained in V = contradiction

.

So:

D1= / power banded elts .
7

.
#

Definition : A top ring => A= / power bounded elts3 ,
100= Stopologically hilpotent elth

Homework 3 : (i) tophilp- power banded
(ii) AO? A subring (iii) A008AO (is it prime? I

Cis it open ?)

Example: B normed ring ,
Bo = 56eB 1161613

,
Bo= 16EB116113

.

BLBOC Boo pine ideal .
I II

22p = p2p

Definition : Elements ofA01503 are pseudo-uniformites .

Definition : A is a non-arch topological ring. A is called uniform if AO is bounded
.

Example: normed rings.
Definition : Tate ring A is perfectoid if it is (p prime fixed)
·Complete

unit in A
· uniform

X
· EweA pseudo uniformizer such that
(i) wilp (ii) A%e -> Alp is an isomorphism .

X ++ XP

Note : perfectoidTate ring is not a perfectoid ring but Ao is .



WEEK 2 -P
A

*eX
Ex : ((t) =Xp(t) = [p(t) =Xp(t)

b 1

2 = zp +]P[2/p]
Speck = Speckp

=Q (t).

Think these examples through
Examples of perfectoid Tate rings :

(i) Is Qp perfectoid Tate? A=Xp7p irreducible so weA= pXP
andwup doesn't divide p. NO

(ii) /popp
elements are of the form tim Ci St Ici-Citily o. One can show that

ist

Klim Cil[1- no kn1d1. - A= pop & 100= (p, php, -) = (p4pq
ito take w = php the

Ao/p = #Fp[X2 , x 2 , -7/(x2P
,xzP=x, -

1
= Fp[tYpo]/t

Ao/p4p =Fp[X2 ,X21-7/4p & Ao/pip it Ao/p is bijective·

Proposition : Ao is normal for any normal uniform non-archd . ring .

Proof : aeFracA an + Ebigi = o bitAo
./

-> Saili202 t Ao + A% a +
-

+ A%" = S need to show Sisbanded.

Fix OEU open & A need VeO open st V .S =U
.

by non-arched can suppose U to be an additive subgroup.
Then it is enough to show that V . Aai EU for Okin-1 .

As banded - 7WG0 open st WU
.
Take V= M (W. MA%.

Adic spaces :
-

What is SpalQp(X) , [p(X)) ?

Definition : X adic-space is (X , Ox , 10k VieX) Ox preshreat , lobevaluations
such that locally X= SpaLA , At.

-> At Ao into closed + open

Valuations : Re NuS0? ↑I totally ordered abelian group 1 identity element.

Examples : * P = (1so ,
/ * r= 2* with lexicographic order .

The valuation lok is on Oxi and Suppl:= YatOx, 119kc =07 =MX, .

Definition : Morphisms of adic spaces : If ,# stf# : 0
,
e f*Ox morphisms

1 : /of presheaves of top. ringsSt 10/fiofot=.

Spa(A ,
At : Continuous valuations valuations cidentitythosewithNet)

points : /leCoA)/1A+ -13 ContAl=All EyeN : SaeA : 1alg?
-

is open?
Note : Suppl : /[A is a prime ideal . Rx := \atA1191-13 subring .

P := SatAl 19k1Y ERx prime .



Proposition: Eval on A with Supp=1033-Ival . On KLA) .

Excomple : Valuations of Q : e valuations of 2 with Supp =0. Let 1 : / be such a

valuation. RI.1 = 2 P. = (d) or pX.
if Po = (0) = 1 :/% if P. 1 = PX .

= UneXn=pi . m me pl .

Inl = /plie 1 . 1 = 1p .

topology : main idea : [xSpalA ,At1/Egl-1]- precise def . Ringful
where (fz-iful open

A and RIfful = keSpa(A , At IVi /fileIgI + 01
.

Example : Xt Dap = Xp Qp(X)7ZaiximeZaidi

R(f) = (1 . (x1(x(xy /p(x) = p2p .

WEEK 3 :

Definition : Valuation subring , R1x = SatAl lakx13
,

Plox = SacAllakx<13 is a prime ideal of Riok and Suppli = SacAllax = 01
is a prime ideal of A.

Definition : Let K be a field .
AlK is a valution ing if XxeK non-zero either

XEA or X-EA .

There is a correspondence :

REK valing t 1 %x : Ke Ex valuation
.

Short term goal : Computing SpalQp ,Xp) & SpalZp, Expl.

Proposition : 1. EContLA) es Da=aeA I (a) Ch open & closed in A FCER
.

Claim: For any 1/ E Spv(A) ,
191161- la+bl = 161.

Proof : (a + 61 < max((al , 1613 = 19+6 -161
.

1b1 - max 31-al
,
16+al3 -16116 +al

.

Proof : Let atAst lalc
.

Bla ,c = \bEA)16-al3 This is open in A
X X

because 1 : 1 is continuous · Strict triangle inequality implies that Do is open .X

Claim - FacAlD> then Blac AlDc
.

Remark : Let 101 be a cont. valuation on Ep or Op then Rx Eclosed Qp or XpX -

but ERx = &[Rx - Xp & Rx .

Example : Let 1 %x -> Cont(Qpl · Op is a field -> Supplox =0. As 1 #ContiQp) ,
=> XpRx#Qp-Xp = Rx .

(there is no ring between Up and Rp).
=> PX = pXp = 1 .x= (lp => Cnt(Qp) = 91 % /p3 .

This shows that SpalQp ,<pl = 31olp7 .

Example : SpalEp, Xp) , previous argument shows that if Suppl = 0 then
lol = lolp . Suppose Suppli=Plp = 1 = 1 : 10 ep where eup : Xpetp .

- Spa)Zp , (p) = Slop ,
10e 1 : /

,p)
What is the topology on Spa(pixp) ? 1 pER)ffu) + Igle , p

+O

= gepXp .

=> Iglp = 1 = 1p-R(fu). To conclude suffices to show that

& 10/p3 is open but R(F) = St % ph



Midterm Goal : Understanding (p(X) , p
Shorter Goal : algebra of t <X2 , - - Xn) for h normed+ complete field .

Homework 2 (Domenico's/Correct version) : For fek(Xe , -, Xn)
If1 = max(If (a)) : at ID(E)3 Hint : if If l = 1 then the valuation ring
is Ri X1 ,

- / Xn) where Rid is the valuation ring of K.

Then Ri . 1 <X2
,

- , Xn)/ p .
R ... <X2 , - ,

Xn] = (R/p([X1 , -

,
Xn]

f + 7 +0 .

Homework 4 : fek(X1 , - , Xn) W/ If 1 = 1 then f is invertible f

as above R1 . 1 (x1 , - · Xn)/
p. R1. <x2, -x)

= IR/p)[Xe , - Xn]
i

W

I constant ceffl= 1 f+ F
and Fe(R(p)

Y

I all other Geffl < 1.

VeryShort term goal : Weierstrass division - works only for distinguished
elements.

Definition : gete (X1 ,
- , Xn) is Xn-distinguished of orders if when you write

·
where gith(x2 , - , Xn-1) theny = Ziegixn X(1) ggtk(x1 , -· xn-2) (2) Igil < Igs) Viss.

Remark : Offtk(X)=f is X-distinguished .

Lemma : fe , - , frtk(X2 ,
-Xn) - 792 ,

- , an-1 EN St the continuous aut:

5 : k(X1
, - , Xn) + k(X2

, - ,
Xn]

Xi + Xi + Xp9i st Offil is Xn-distinguished
Xn+ Xn Moreover

,
O preserves 10.

Example : Xy + k(x ,y) is not distinguished. Consider (X+yaly = Xy + y
+a

if a>1 then this is distinguished .

Theorem : (Weiestrass division) get (X2 , - , Xn) Xn-distinguished of orders .

Then FfER(xe
, -

,
xn) 719tk(x2 ,- , xn) ,

7!rek(X2 , + Xn-1) [xn] St

f = gg +r & degr < S.

Furthermore
, Ifl = max 191 . (g) ,

IrR
.

Homework 5 : Unicity in the above theorem & Ifl = maxElgIg) ,
151.

Proof of the existence : f = Efixi to Zizetixis write f = fo + E
St 1Fk Elf) and Ifol = If1 . We may assume (g)=1.
Write g as,

g = go + 9 where go
= Zisgixn - 1gk1 & Igol= 1.

fo =

go-go t to division in k[X1
, - -Xn-1 [x] then degro <S

.

↓
Ifol = max 3 190l . / yol ,

1rol
Because the highest value term of go is in degs. - Ifol KIgollgol ·
So Ifl = /fol = max11gol , Irok -> Ifk, Igol and 1813, lol .

f = 90 ·g + ro + (f -go . j) let E = 1) now let fu = F-gog then Ifil > Elf



argument to get fe =919 + +2+ +2the epeatthegilg + (2ri) convergent by the E bounds.

WEEK4 :

Remark : Off tk(X) => f is distinguished
Corollary : k(X) Erclidian w/ W:(x)1903->2 =>

k(X) is PID
.

f is order to whichf is

distinguished.
Corollary 1 : Suppose k=E

, mck(X) max .

ideal = m = (x- x) St 111.

Corollary 2 : fek(X2 , - ,Xn) Xn-dist . - 7! monic get(x2 , - , xn-1)[xn] &
nek(Xe

, - , Xn)
* such that f = g .

u & (g)= 1 .

Proof of 2 : S = order of f , by scaling we may assume If = 1.

X = q . f+ & 11 , 1911EXn-r = q . f = Letting g = X- r , 1g)1 & gmonic.

We need a invertible.

- reduce to R/mIX , - -Xn] g = g · F
, Xn-degree of F & gares and
degs coefficient is invertible

.

=> after reduction constantse constant = 9 invertible.

Proof of 1 : &Mck(X) Maximal -> M = (f) firreducible -> f = u .g as above

=> th= (g) write g=T ,
(X-dil St (X-Xil = (xid

One of X-Xi is not inv .

= (x-Ji) = 11 .

② Zaixi ve Zaisi Claim : Kere = (x-J)
.
Use Erdidian division.

Corollary : for he not necessarily alg .
closed

,
Imax ideals of <x73

-
Nullstellensatz ↑

Skereu : Jee
, 16119 .

and J ,
det gives the some maximal ideal # are Galois Conjugate.

A
/

Corollary: & (x1
, -, xn) is Noetherian.

Proof: gEILA non-zeo WMAg Xn-distinguished. Weiestrass division
=> Alg is a finite t (X2 , - , Xn-1)-module by induction A/G is Noetucion

module over k(x1 , - · xn-1) - I/g is finitely gen .
as a ke(X2 ,

- , Xn-1) module

and thus also as a k < X1 , -- , Xn) - module & I finitely generated.

Homework 6 : As in Rings&Modules show that Nullstellen satz holds for any n.

[Hint : Noether norm.
]

.

HOMEWORK7

Example : K= Qp A=Ep or K = Qp
&

= Quiall pine to proots of inye P

A = SaeQper1191411 (a) => 7 ! 1 ·p

=Alla1
= p.A (6) extensiona

1%p to Kp=P .

X= Spa(k(X), A(x)) . There is a map Spalk(x),A(x)) -> Speck(X)
1- Supplol
loka kerev

y
whatare 10/

When Supplok is not open like is called on analytic point. Note thatKere

is not open. ic
I

lob descends to

- a valuation
Wa lol

For simplicity assume JeK
,

K->K(X)-K-> MoreL
-

Blo



Diagram Shows that B-7))8 < c) open - C+ (18<(3) open -> descent 10 continuous.

=> 1 % = 10p+ 12aixi) = 12didip Homework 8 : The some thing happens
When Jek . Showing 1dcts . is the issue.

-Asswestwichisimmediata
Claim : 1D-> Spa(k(x) , A(x)) is a homomorphism on its image.

↓ 1 :/
, p

: = 1 % 10 ev,

Proof : @ 1xEID11J/p <C open R() with Idl = c works
.

② Take V = R)fh) pick Joet want 7330 st 15-dolp<3 Jer

Lemma : f = ZaixiER(x) JotD StZaidolp
5230St 16-dolp < 3 elZaidilp = /Zaidolp .

Proof : Fixn St lailp for isn E Kansaid p <C
. So enough to show

-) 12L0 St 16-dol < E = /EoGidilp = /Ionido"Ip .

Consider/EEoaildi-Jollp - max; lailpld-tolp Choose Est this is

Smaller than C and we are done.


